The insulating ternary oxide YbFe2O4 displays an unusual frustration-driven incommensurate charge-ordering (CO) transition, linked to possible ferroelectricity. Based on high-resolution synchrotron data, we report a detailed structural model showing that the CO phase is an incommensurate charge-density wave and cannot be ferroelectric, since the electrical dipole moments are also incommensurately modulated. The change between continuous and "spotty" helices of scattering at the CO transition is attributed to three-dimensional fluctuations of the direction of the ordering wavevector.
I. INTRODUCTION
The family of systems with general formula RFe 2 O 4 (R = Dy-Lu, and Y) has attracted significant interest, due to the possibility of high-temperature multiferroic behaviour arising from charge ordering [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Just above room temperature these systems undergo a metal-toinsulator (MI) transition, associated with sharp anomalies in the specific heat 4 , and on further cooling magnetic ordering sets in at around 250 K [11] [12] [13] [14] . The MI transition has been interpreted as a peculiar form of charge ordering (CO), where the mixed-valence character of iron (the average Fe valence is 2.5+) competes with the geometrical frustration of the lattice. The crystal structure of RFe 2 O 4 15 consists of an alternating stacking of RO 2 layers and Fe 2 O 2 bilayers (with three such bilayers per conventional unit cell). The Fe ions form a triangular pattern within the layers, so the system is geometrically frustrated with respect to both the Fe spins and valence 16 and it is impossible to order an equal amount of Fe 3+ and Fe 2+ on the same layer. Yamada and coworkers 17, 18 proposed a possible CO structure for LuFe 2 O 4 , which they predicted to be an incommensurate charge-density wave (CDW) and an incommensurate antiferroelectric. Although their work is mainly based on a theoretical model (see also below), they were able to explain the incommensurate positions of the CO satellites which, in reciprocal space sections, 'meander' around the lines of commensurability. Ikeda and coworkers later reported that the low-temperature insulating phase of LuFe 2 O 4 is ferroelectric 1 , and proposed a much simpler commensurate ferroelectric CO model in which two inequivalent lattices would be formed within the bilayer: Fe 3+ +2Fe (2+δ)+ on one layer and Fe 2+ +2Fe (3−δ)+ on the adjacent one (Fig. 1a) , creating net dipole moments for each bilayer, which would stack ferroelectrically. More recently, Angst et al. 4 presented an alternative model, based on LuFe 2 O 4 diffraction data and a commensurate approximation of the charge-ordered superstructure, and proposed that the bilayer stacking is antiferroelectic rather than ferroelectric.
In this paper, we present a set of three-dimensional reciprocal space data on YbFe 2 O 4 . We focus on the R = Yb system since we found it to have more stable oxygen content (to which the properties of the system are very sensitive 19, 20 ) and to yield better-quality single crystals than R = Lu. These data clearly show that the meandering lines of incommensurate satellites are actually helices, as predicted theoretically 18, 21 . We also present a real-space model of the fully incommensurate CO structure, which, in spite of its simplicity, is in very good agreement with the experimental data. We show that, below T * ≈ 320 K, YbFe 2 O 4 forms a true incommensurate CDW (as predicted by Yamada) associated with an incommensurate rotating strain pattern. Although local electric dipole moments are present, their directions reverse periodically, implying that each bilayer has a zero net moment. Therefore, the previously observed electrical and dielectric anomalies are most likely associated with CDW physics rather than with ferroelectricity. Above T * the individual superlattice peaks melt into continuous helices of scattering, which nonetheless remain very coherent. This may indicate that low-lying incommensurate states with different wavevectors are becoming progressively populated -a situation that is not observed in conventional CO transitions.
II. EXPERIMENTAL METHODS
YbFe 2 O 4 single crystals were grown by the optical floating-zone technique. Stoichiometric mixtures of Yb 2 O 3 and Fe 2 O 3 were ground together and calcined in CO:CO 2 (4:5) mixed gas flow at 1160
• C for 48 h with intermediate grinding. The feed and seed rods (10 mm diameter) were finally sintered at 1175
• C for 36 h in CO:CO 2 (1:2) mixed gas flow. The crystal growth arXiv:1101.5600v4 [cond-mat.str-el] 18 Jan 2012 was carried out in CO:CO 2 mixed (1:4) atmospheric flow using a IR-heated image furnace (Crystal System Inc.). The feed and seed rods were rotated in opposite directions at 25 rpm during crystal growth at a rate of ∼2 mm/h. Preliminary X-ray diffraction data were collected on an Agilent Technologies Supernova diffractometer, using a Mo source (wavelength 0.71073Å) and cryostream to cool to 150 K. Synchrotron X-ray diffraction experiments were carried out on beamline I19 at the Diamond Light Source, UK. The beamline employs a double bounce monochromator and focussing mirrors to bring the beam down to approximately 170 µm × 85 µm at the sample position. A wavelength of 0.6889Å was used throughout and data were collected using a Rigaku Saturn 724 CCD detector at temperatures between 150 and 360 K. Reciprocal space sections were generated from the raw CCD images using the programme CrysAlis
Pro . Stacks of such sections were converted to a volume data set and analysed using FIJI 22 to enable visualisation of the scattering intensities in three-dimensional reciprocal space.
III. RESULTS
Figs. 1b-1d show reciprocal space sections of X-ray diffraction data collected from both the laboratory source and synchrotron. The (h, k, 12) section (data at 150 K are shown in Fig. 1b ; the same section at 360 K looks very similar) clearly shows the appearance of satellite spots, which can be indexed approximately on a √ 3 × √ 3 supercell. A perpendicular section through these satellites (Fig. 1c) shows that the scattering is densely distributed around (m + 0.666, −2.33, l) lines, with m an integer. The Bragg peak maxima are not at commensurate positions, but oscillate in h and k around these lines and occur at incommensurate values of l, separated by ∼ 1/3 c * . Above T * (Fig. 1d) , the Bragg peaks 'melt' into a continuous meandering line (this intensity is reported to vanish above ∼ 500 K 16 where CO is no longer present), but remain very coherent perpendicular to the line itself. The data in these sections are very reminiscent of previously published LuFe 2 O 4 data (for example ref. 4) , although in LuFe 2 O 4 the spacing along the l direction is 1/2 c * . However, our high-resolution synchrotron measurements were suitable for full three-dimensional reconstructions (rather than simple sections), affording much richer views of the experimental data. The threedimensional iso-intensity contours of scattering for one rod ( Fig. 1e ) and for a larger region of reciprocal space ( Fig. 2) evidence that the meandering lines in Figs. 1c and 1d are nothing but sections through helices of scattering in reciprocal space. The radius of the helix, ρ, which is of the order 0.025a * at 150 K (and approximately twice this value at 360 K), indicates that the √ 3 × √ 3 supercell is only a commensurate approximation to a complex incommensurate CO superstructure.
Figs. 2a and 2b show a three-dimensional view of the 'spotty helices' below T * and of the continuous helices above T * .
These deviations from the commensurate structure arise because the commensurate arrangement of charges proposed by Ikeda et al.
1 is energetically unstable due to the frustrated topology of the rhombohedrally-stacked bilayers. Rastelli and Tassi 23 first explored the effects of this frustration in the context of magnetic ordering in solid oxygen, which displays a topologically analogous stacking of magnetic triangular layers, and found that the 'conventional' 120
• magnetic ordering, with propagation vector (1/3, 1/3, 0), is unstable. Instead, if interactions between the planes are taken into account, the system displays a line of degenerate ground states, corresponding to reciprocal space q vectors lying on the contour of a helix that surrounds the (1/3, 1/3, 0) point. In his previously cited analysis constructed a complete mean-field theory of the CO in RFe 2 O 4 , and similarly to the magnetic case they concluded that the mean-field ground state (calculated using interactions up to the third neighbour) results in a degenerate helix of q-vectors. A fourth-neighbour term would stabilise a single ground state, which should display Bragg peaks at h = 1/3+δ 1 , k = 1/3+δ 2 and l either integer or half-integer depending on the sign of the interaction. The mean-field models in refs. 18 and 21 are best compared to our high-temperature data, since their fully ordered phases (with four interactions) have Bragg peaks in different places along the helix. reciprocal lattice of points satisfying −h + k + l = 3n where n ∈ Z, the chirality of each helix is given by h + k = (3n ± 1)/3 where + (−) corresponds to left-(right-) handed helices (Fig. 2d) , and the relative phase, ∆ϕ, of adjacent helices must be 2π/3 (Fig. 2(c) ). The pitch of the reciprocal space screw axes additionally fixes the pitch of the satellite helices to 3c * , whilst the radius of the helices is an adjustable parameter in the theory, and corresponds to the ratio of the nearest-and nextnearest-neighbour interactions. The 150 K data (Fig. 2a) indicate that at low T unique modes have been stabilised with peaks appearing along the helices with characteristic separation of ∼ 1/3 c * . Although this is at odds with the theory, the mean-field model could be modified, introducing longer-range interactions, to yield the correct q-vector. The intensities of the peaks also follow the 'envelope' of the high T data, indicating that the structural distortions involved are very similar in both phases.
IV. CONSTRUCTION OF THE INCOMMENSURATE MODEL
While our analysis supports Yamada's original proposal, conclusive evidence can only come from a structural model that reproduces not only the Bragg peak positions, but also the observed intensities. Although the present data cannot be reliably integrated, preventing a full crystallographic refinement, we present an extremely simple, parameter-free model of the incommensurate CDW that yields very good agreement with the experimental intensity profiles.
Initially we construct a commensurate displacement (strain) pattern of the oxygen ligands that is consis- tent with the CO structure proposed by Ikeda et al. 1 . Such patterns, where metal oxygen distances are smaller (larger) for higher (lower) oxidation states respectively, are ubiquitous in CO metal oxides. Ikeda's CO structure can be reproduced by a single commensurate wavevector q = (1/3, 1/3, 0) and two displacements for the in-plane and apical oxygens (along the fixed 210 and [001] directions, respectively: see Fig. 3 ). The oxygen displacement pattern in the Fe 2 O 2 layers is completely defined by this rule and by the requirement that the two layers be in phase opposition. This yields six kinds of distorted pyramids, shown in Fig. 4a with the corresponding valence states. A further constraint can be imposed by assuming that the in-plane displacement of each oxygen atom is proportional to the value at its position of a 'distortion field' S obeying the relation
where δρ is the charge (valence) density deviation from the average (this yields essentially equal displacements on the two oxygen sites and a one-parameter model). Eqn.
(1) is reminiscent of Maxwell's equation for the electric field, but here the displacements are of steric rather than electrostatic origin. The in-plane displacement pattern is the polar analogue of the 'conventional' 120 • magnetic structure: therefore, at a deeper level, eqn. (1) defines a relation between scalar and vector ordering on a frustrated lattice -a concept that underpins, for example, magnetic monopoles in spin ice 24 . A minimal microscopic model of the incommensurate phase is then obtained simply by employing the correct incommensurate wavevector, producing, for the in-plane oxygens, the polar analogue of the incommensurate magnetic structure proposed in ref. 23 . This model yields a continuous variation of the Fe valence on the different sites (with a corresponding variation between the configurations in Fig.  4a ). This is shown pictorially in Fig. 4b . The magnitude of the in-plane and out-of-plane oxygen displacements is assumed to be equal for simplicity.
V. COMPARISON WITH SCATTERING DATA
The experimental data at 150 K show that the scattering intensity is located at positions along the rod separated by an incommensurate value of q z ≈ 1/3. Such an intensity distribution cannot be reproduced with a single wave vector, but requires two symmetry-inequivalent ordering wave vectors (propagation vectors) and their symmetry-equivalent domains as shown in Fig. 5 . The first, q 1 = (1/3 + δ 1 , 1/3 + δ 2 , 1/3), marked with ( * ) in Fig. 5a , gives rise to 12 equivalent propagation vectors of which six (solid arrows in the figure) contribute to each satellite rod (δ 1 > δ 2 ). Considering a structure with only this propagation vector would lead to peaks at l = n±1/3 for integer n, positioned around the helix. In addition, to obtain scattering at l = n we take a second propagation vector, q 2 = (1/3 + , 1/3 + , 0) which results in a further three equivalent propagation vectors (dashed arrows in the figure). It seems highly plausible that if the two modes are closely separated in energy then the system may order in such a way that both modes are populated at 150 K.
Scattering intensities due to the two qs were calculated separately as follows. The radius of the helix, ρ ≈ 0.025a * , was used in order to establish commensurate approximations to the incommensurate wave vectors: these were q 1 = (0.336, 0.304, 1/3) and q 2 = (0.320, 0.320, 0). For the q 1 structure, a supercell corresponding to this approximate structure was generated and the oxygen atoms displaced according to the model described above. The oxygen displacements are a measure of the CO, which could be estimated, for example, using the bond valence sum method 25 , provided that both main peaks and satellites are measured. Here, only satellites were measured, and the displacements were nominally taken to be 0.1Å.
The structure factors were calculated following the standard expression F (Q) = f j exp(Q x r j x + Q y r j y + Q z r j z ) where the summation runs over all j atoms in the supercell and the f j are the atomic scattering factors (which depend on |Q|). The positions of the Yb ions are shifted slightly so as to be at the center of mass of the surrounding oxygens (imposing the periodic boundary conditions associated with the supercell). The resulting intensities (calculated separately for each domain) were then multiplied by an array of two-dimensional Gaussian peaks at the positions given by the propagation vectors to yield the predicted scattering pattern (shown for the (1/3, −2/3, l) satellite helix in Fig. 5b ). The width of this Gaussian reflects the coherence lengths of the wave vector domains (∼ 150Å at 150 K). Intensities from the q 2 structure were calculated in an identical way (Fig. 5c) . In order to best model the data we assume that an equal population of q 1 and q 2 modes exist in the crystal and therefore simply average over the two intensities to yield the final pattern (Fig. 5d) . Given that there is no adjustable parameter other than a single scale factor, the observed scattered intensities along the helix are modelled with surprisingly good agreement over the whole reciprocal space (see Fig. 6 ), although some of the more subtle features are slightly different, as is to be expected from such a simple model.
VI. DISCUSSION AND CONCLUSION
Our analysis of high-resolution synchrotron X-ray scattering data collected on YbFe 2 O 4 both above and below T * provides new insight into the physics of this class of materials. Below T * , we can model the helical envelope and intensity distribution of the satellite peaks in reciprocal space using an incommensurate displacement model. Since the stoichiometry would favour a simple √ 3 × √ 3 ordering, our observations imply the presence of an intrinsic instability, as proposed in theoretical work 18, 21 . Moreover, our model implies a continuous variation of the charge on the Fe ions (between 2 + and 3 + , although the amplitude is probably smaller) clearly demonstrating the presence of an incommensurate CDW at 150 K -to our knowledge the first example of such a structure in a half-doped oxide. Individual layers do not carry any net charge, and the local dipole moments cancel out over the whole bilayer, indicating that neither the ferroelectric nor the stacked antiferroelectric models can be correct. Rather, YbFe 2 O 4 is an incommensurately modulated antiferroelectric, as originally proposed by Yamada. We suggest, therefore, that the electrical data should be critically re-examined. It is well known 26 that the activated de-pinning of CDWs leads to pronounced non-Ohmic behaviour (observed in various organic and inorganic systems [27] [28] [29] ). The recent transport measurements performed on LuFe 2 O 4 30 show precisely such an effect which, given the absence of breakdown of CO in an applied electric field 31 , provides strong evidence for the existence of such a CDW state in this system. The observed pyroelectric currents 1 could also be an artefact, since metastable states are notoriously ubiquitous in electric-field-driven CDWs 32 .
The phenomenology of YbFe 2 O 4 above T * is equally intriguing: we have shown that twisting helices are still present and maintain a high degree of transverse coherence in the ab plane -at least 70Å (20a) -at all T . This diffuse scattering was previously interpreted in terms of two-dimensional ordering 18 ; however, the observed diffuse scattering is inconsistent with either intra-layer or intra-bilayer two-dimensional ordering, since these would produce rods, not helices of diffuse scattering. Significant c-axis correlations, much greater than the interbilayer distance, must be present in order to produce helices. As previously observed by Yamada, we have shown that the isointensity surfaces appear to follow the contour of the iso-energetic surfaces for modes of given wavevectors, as predicted by the random-phase approximation theory for critical fluctuations 18 . In real space, this would result from a progressive population of modes within the quasidegenerate helical manifold, starting from those that are closest to the ground state, so that the local coherence is maintained whilst allowing the system to explore states around the minima. We note that this scenario is very different from conventional CO transitions, which are driven by fluctuations of the amplitude of a single order parameter.
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